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Multistage Distributionally Robust Optimization
Consider a multistage distributionally robust optimization (MDRO) problem

min
x1∈X1

f1(x0, x1; ξ1) + sup
p2∈P2

Eξ2∼p2 min
x2∈X2

[
f2(x1, x2; ξ2)+

+ sup
p3∈P3

Eξ3∼p3 min
x3∈X3

[
f3(x2, x3; ξ3) + · · ·

+ sup
pT∈PT

EξT∼pT min
xT∈XT

fT(xT−1, xT; ξT)

]]
.

Here, for each stage t = 1, . . . ,T,
▶ Xt ⊂ Rdt is a compact set of feasible decisions xt and ft is a nonnegative lsc cost function;
▶ ξt is the uncertainty vector, which obeys a Borel probability distribution pt over all possible

realizations Ξt in a given ambiguity set Pt.
This framework encompasses multistage stochastic optimization (MSO) when |Pt| = 1 and
multistage robust optimization (MRO) when δξ ∈ Pt for all ξ ∈ Ξt.
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Dynamic Programming Recursion
The MDRO problem can be defined recursively using the deterministic (worst-case) expected
cost-to-go functions

Qt−1(xt−1) := sup
pt∈Pt

Eξt∼pt

(
min
xt∈Xt

ft(xt−1, xt; ξt) +Qt(xt)

)
,

for t = T, . . . , 2, where QT ≡ 0. We can also define the value functions to simplify the notation

Qt(xt−1; ξt) := min
xt∈Xt

ft(xt−1, xt; ξt) +Qt(xt),

for each t = 1, 2, . . . ,T so

Qt−1(xt−1) = sup
pt∈Pt

Eξt∼ptQt(xt−1; ξt)

for each t ≥ 2, and the optimal value of the MDRO is Q1(x0; ξ1).
Dual dynamic programming (DDP) algorithms construct under-approximations Qi

t, and
optionally over-approximations Qi

t, for Qt iteratively.
4 / 24
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Illustration of Dual Dynamic Programming Algorithms

t = 1

t = 2 t = 3 t = 4

Figure: Illustration of DDP on a 4-stage problem
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Literature Review and Motivational Questions

▶ Stochastic DDP (SDDP) for linear MSO: Pereira and Pinto (1991)
▶ SDDP Convergence: Shapiro (2011), Girardeau et al. (2015), Baucke et al. (2017)
▶ DDP for mixed-integer linear MSO: (Zou et al. 2019, Ahmed et al. 2020)
▶ Robust DDP (RDDP) for linear MRO: Georghiou et al. (2019)
▶ DDP for risk-averse MSO and MDRO: Philpott et al. (2013), Shapiro et al. (2013),

Philpott et al. (2018), Duque and Morton (2020).
▶ DDP complexity for MSO: Lan (2020), Zhang and Sun (2022b)

Motivational Questions
1. Are the DDP complexity results valid for MDRO problems?

▶ In particular, does the MSO linear scalability still hold?
2. How do we solve MDRO-DDP recursion problems, especially for data-driven models?
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New DDP Framework: Single Stage Subproblems

We define single stage subproblem oracles (SSSO) because
▶ there could be infinite outcomes of the uncertainty in each stage;
▶ the information passing through stages need to be quantified precisely.

For the initial stage, the SSSO is required to provide an optimal solution for the problem
x∗1 ∈ minx1∈X1 f1(x0, x1; ξ1) +Q1(x1) and the associated gap γ1 := Q1(x∗1)−Q1(x

∗
1).

Definition (Noninitial stage subproblem oracle)
Given a feasible state xt−1 ∈ Xt−1, the noninitial SSSO provides a feasible state xt ∈ Xt, an
Lt-Lipschitz continuous cut Vt−1(·), and an over-estimate value vt−1 such that

1. they are valid, i.e., Vt−1(x) ≤ Qt−1(x) for any x ∈ Xt−1 and vt−1 ≥ Qt−1(xt−1);
2. the gap is controlled, i.e., vt−1 − Vt−1(xt−1) ≤ γt := Qt(xt)−Qt(xt).
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New DDP Framework: Complexity Analysis
We show that the total number of SSSO evaluations before termination is bounded by (Zhang
and Sun 2020)

#Eval ≤ 1 + T · inf
δ


T−1∑
t=1

(
1 +

2LtDt
δt − δt+1

)dt

: ε = δ1 > δ2 > · · · > δT = 0

 .

▶ In a relative optimality scale, this upper bound can be specialized to O(T2);
▶ and further improved to O(T) if we allow nonconsecutive updates in the DDP.

It is also at least

#Eval ≥ d
d − 1

√
π

2 (d
2 − 4)

(
DL(T − 2)

16ε

)d/2−1
.

▶ This reconfirms the well-known “curse of dimensionality” in the state space even for
convex problems.
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Data-driven DDP: Wasserstein Ambiguity

Given a distance function dt : Ξt → R, Wasserstein (1-)distance is defined by

Wt(µ, ν) := inf
π∈MProb(Ξt×Ξt)

{∫
Ξt×Ξt

dt(ξ
1, ξ2) dπ(ξ1, ξ2) : P1

∗(π) = µ, P2
∗(π) = ν

}
,

for any two probability measures µ, ν on Ξt. We define the Wasserstein ambiguity set Pt
centered at ν̂t as

Pt :=
{

p ∈ Wt : Wt(p, ν̂t) ≤ ρt,0, ⟨gt,j, p⟩ ≤ ρt,j, j = 1, . . . ,mt
}

with any given vector ρt ∈ Rmt+1 and continuous functions gt,j : Ξt → R for j = 1, . . . ,mt.
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Data-driven DDP: Out-of-Sample Performance Guarantee

Suppose δt ≥ 3. We have the out-of-sample performance guarantee with probability at least
α ∈ (0, 1) if either of the following conditions holds for each t ∈ T (Zhang and Sun 2022a):

1. the probability measure νt is sub-Gaussian, and

nt · ρδt
t,0 ≥ 1

C′
t

[
lnCt − ln

(
1 − α1/(T−1)

)]
,

2. the probability measure νt has finite third moments and

nt · ρ2
t,0 ≥ C′′

t
1 − α1/(T−1) ,

where Ct,C′
t, and C′′

t are the positive constants depending only on νt, t = 2, . . . ,T.
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Data-driven DDP: Finite-Dimensional Dual Recursion

We show that the expected cost-to-go function can be equivalently rewritten as

Qt−1(xt−1) = min
λ≥0


mt∑
j=0

ρt,jλj +
1
nt

nt∑
k=1

sup
ξk∈Ξt

Qt(xt−1; ξk)− λ0dt,k(ξk)−
mt∑
j=1

λjgt,j(ξk)


 .

We design exact SSSO implementations based on this recursion assuming either
▶ the cost function ft(xt−1, xt; ξt) is usc, concave in ξt for any xt−1 ∈ Xt−1, xt ∈ Xt with

gt,j’s being convex; or
▶ ft is jointly convex in (xt, ξt) for any xt−1 ∈ Xt−1 and Ξt, dt are polyhedral, with gt,j’s

being concave.
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Multi-commodity Inventory Problem
Now we consider a distributionally robust multi-commodity inventory problem defined
recursively as

Qt−1(xt−1) := sup
pt∈Pt

∫
Ξt

[
ft(xt−1, xt; ξt) +Qt(xt)

]
dpt,

where

ft(xt−1, xt; ξt) := min CF +
∑
j∈J

(
Ca

j ya
t,j + Cb

j xb
t,j + CH

j [xl
t,j]+ + CB

j [xl
t,j]− + Cr

j yr
t,j

)
+Qt(xt)

s.t.
∑
j∈J

ya
t,j ≤ Bc,

xl
t,j − ya

t,j − xb
t−1,j ≥ xl

t−1,j − Dt,j + yr
t,j, ∀ j ∈ J ,

ya
t,j ∈ [0,Ba

j ], xb
t,j ∈ [0,Bb

j ], ∀ j ∈ J ,

yr
t,j ∈ [0,Dt,j], xl

t,j ∈ [Bl,−
j ,Bl,+

j ], ∀ j ∈ J .
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Multi-commodity Inventory Problem
Experiment Procedure

1. Draw nt ∈ {5, 10, 20, 40} data points from νt to get ν̂t for each t ≥ 2;
2. Solve the nominal risk-neutral and risk-averse MSO using ν̂t (and MRO if applicable);
3. Construct Wasserstein ambiguity sets using ν̂t and solve the MDRO.
4. Evaluate the policies via N = 100, 000 independent sample paths.

For inventory problems with uncertain prices, we set

Dt,j := D0

[
1 + cos

(
2π(t + j)

τ

)]
+ D̄, Cb

t,j(ξt) := ξt,j, Ca
t,j(ξt) := C1 · ξt,j, j ∈ J ,

and

ξt := max
{

Normal(µt, C̄ · Σt),C
}
, µt := C0

[
1 + sin

(
2π(t + j)

τ

)]
,

with Σt randomly generated for all t ≥ 2. We use |J | = 5, T = 10 and τ = 5.
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τ

)]
+ D̄, Cb

t,j(ξt) := ξt,j, Ca
t,j(ξt) := C1 · ξt,j, j ∈ J ,

and

ξt := max
{

Normal(µt, C̄ · Σt),C
}
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1 + sin
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Multi-commodity Inventory with Uncertain Prices
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Figure: In-sample and Out-of-sample Costs Comparison for Inventory with Uncertain Prices
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Multi-commodity Inventory with Uncertain Demands

Now we set the prices to be constants and consider uncertain demands modeled by

Dt,j(ξt) := D0

[
1 + cos

(
2π(t + j)

τ

)]
+ D̄ · ξt,j, j ∈ J .

The uncertain vector ξt ∈ [0, 1]J has its components described as follows: ξt,1 ∼ Uniform(0, 1),
and for j = 2, . . . , J, we have

ξt,j | ξt,j−1 ∼

Uniform(0, (1 + ξt,j−1)/2), if ξt,j−1 ≤ 1
2 ,

Uniform(ξt,j−1/2, 1), otherwise.

We use J = 3, T = τ = 5 for the tests.
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Multi-commodity Inventory with Uncertain Demands
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Hydro-thermal Power Planning Problem
We consider a distributionally robust hydro-thermal power planning problem defined recursively
as

Qt−1(xt−1) := sup
pt∈Pt

∫
Ξt

[
ft(xt−1, xt; ξt) +Qt(xt)

]
dpt,

where

ft(xt−1, xt; ξt) := min
yt

∑
j∈J

(
Csys

t,j +
∑
l∈Lj

Cg
l yg

t,l +
∑
j′ ̸=j

(
Ce

j,j′ye
t,j,j′ + Ca

j,j′ya
t,j,j′

))
s.t. xl

t,j + yh
t,j + ys

t,j = xl
t−1,j + ξt,j, ∀ j ∈ J ,

yh
t,j +

∑
l∈Lj

yg
t,l +

∑
j′ ̸=j

(ya
t,j,j′ − ye

t,j,j′ + ye
t,j′,j) = Dt,j, ∀ j ∈ J ,

yg
t,l ∈ [Bg,−

l ,Bg,+
l ], ∀ l ∈ L,

xl
t,j ∈ [0,Bl

j], yh
t,j ∈ [0,Bh

j ], ∀ j ∈ J ,

ya
t,j,j′ ∈ [0,Ba

j,j′ ], ye
t,j,j′ ∈ [0,Be

j,j′ ], ∀ j, j′ ∈ J .
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Hydro-thermal Power Planning Problem
The uncertain energy inflow ξt is assumed to follow

ln ξt − µt = φt(ln ξt−1 − µt−1) + εt, εt ∼ Normal(0,Σt),

but we may still formulate our MDRO using the marginal empirical measures ν̂t’s.

Experiment Procedure
1. Draw nt ∈ {5, 10, 20, 40} data points from νt to get ν̂t for each t ≥ 2;
2. Take additional samples from the fitted multivariate normal distributions to get ν̃t, and

solve the approximate risk-neutral and risk-averse MSO using ν̃t with at most 1000
iterations;

3. Construct Wasserstein ambiguity sets using ν̂t with the radius set to be relative to
Wt(ν̂t, ν̃t), and solve the MDRO with at most 1000 iterations.

4. Evaluate the policies via N = 100, 000 independent sample paths.
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Hydro-thermal Power Planning Problem
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Figure: Comparison against Baseline Models on Hydro-thermal Power Planning for T = 13
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Outline for Part 4

Introduction and Motivational Questions
Multistage Distributionally Robust Optimization (MDRO)
Dual Dynamic Programming (DDP) Algorithms

A New DDP Framework with Applications in Data-driven MDRO
New DDP Framework with Complexity Analysis
Data-driven DDP using Wasserstein Ambiguity

Numerical Experiments
Multi-commodity Inventory Problem
Hydro-thermal Power Planning Problem

Concluding Remarks

23 / 24



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Concluding Remarks
▶ We study the oracle complexity of DDP algorithms for MDRO problems for the first time,

with matching upper and lower bounds;
▶ We design exact SSSO implementations that allow us to tackle MDRO problems with

data-driven Wasserstein ambiguity sets;
▶ We compare the out-of-sample performance of the MDRO model against risk-neutral and

risk-averse MSO models and the MRO model using multi-commodity inventory problems
and hydro-thermal power planning problem.

Our related works:
Shixuan Zhang and Xu Andy Sun. On distributionally robust multistage convex optimization: New

algorithms and complexity analysis. arXiv preprint arXiv:2010.06759, 2020.
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Data-driven models and performance. arXiv preprint arXiv:2210.08433, 2022a.
Shixuan Zhang and Xu Andy Sun. Stochastic dual dynamic programming for multistage stochastic

mixed-integer nonlinear optimization. Mathematical Programming, pages 1–51, 2022b.
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Illustration of DDP Complexity Proofs II
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